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Abstract
We study two different possibilities of constructing the energy-momentum tensors for non-commutative
Abelian Proca field, by using (i) general Noether theorem and (ii) coupling to a weak external gravitational
field. Both energy-momentum tensors are not traceless due to the violation of Lorentz invariance in non-
commutative spaces. In particular, we show that the obtained energy density of the latter case coincides
exactly with that of obtained by Dirac quantization method.
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1 Introduction
The idea of non-commutative geometry was put forward by Alain Connes [1], and has received much attention
in recent years in field theory [2, 3] following the development of the superstring theory. In such theories, the
parameter of non-commutativity, θµν , which is assumed to be a constant antisymmetric tensor, characterizes the
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non-commutative geometry through the commutation relation [xˆµ, xˆν ] = iθµν , and leads to a violation of Lorentz
invariance [4, 5]. Particularly, it is expected that the corresponding energy-momentum tensor needs not to be
traceless as a consequence of violating the scale invariance. The energy-momentum tensor in non-commutative
field theories has been studied recently from different points of view [6, 7, 8].
The formulation of non-commutative Maxwell filed based on Seiberg-Witten map [2] has already been done
in Refs.[6], [9]. With this motivation, we have presented the Dirac quantization of Abelian Proca field in non-
commutative space in [10]. The aim of present work is to construct the possible energy-momentum tensors in
non-commutative space for Abelian Proca field theory, in order to work out the aspects of energy-momentum
tensor and investigate the consistency with the Hamiltonian constraint system formalism given in [10].
The organization of the paper is as follows. In section 2, we demonstrate the generalized non-commutative
Lagrangian of Abelian Proca model at cubic order in electromagnetic field and obtain its filed equations. Then,
the corresponding Hamiltonian constraint system is represented. In section 3, we first study the construction of
energy-momentum tensor via general Noether theorem giving a tensor which is neither symmetric nor traceless.
Afterwards, we construct the energy-momentum tensor by coupling the Proca model to a weak gravitational
field whose energy-momentum tensor is symmetric but not traceless due to the violation of Lorentz and dilation
symmetry in non-commutative spaces. The paper ends with a brief conclusion.
2 Hamiltonian constraint system approach
The non-commutative Lagrangian for Abelian Proca field is given by [10]
Lˆ = −1
4
FµνFµν +
1
8
θαβFαβF
2
µν −
1
2
θαβFµαFνβFµν +
1
2
m2(A2µ − θαβAα(∂βAµ + Fβµ)Aµ), (1)
where Aµ ≡ ( ~A, iA0) is the electromagnetic potential and Fµν = ∂µAν − ∂νAµ is the field strength tensor. The
Lagrangian can be rewritten as
Lˆ = 1
2
(E2 −B2)(1 + ~θ · ~B)− (~θ · ~E)( ~E · ~B) + m
2
2
(−A20 +A2i ) (2)
+
m2
4
(~θ × ~A) · ~∇(A20)−
m2
2
[(~θ × ~A) · ~E]A0 + 3m
2
4
[(~θ · ~B)A2j − (~θ · ~A)( ~A · ~B)],
2
where the magnetic induction field is Bi =
1
2
ǫijkFjk and the electric filed is Ei = iFi4. The Euler-Lagrange
equations give the corresponding equations of motion as follows
∂ρFρσ − 1
4
∂ρ(θρσF
2
µν)−
1
2
∂ρ(θαβFαβFρσ) + ∂ρ(θσβFνβFρν) (3)
− ∂ρ(θρβFνβFσν ) + 1
2
∂ρ(θαβFραFσβ)− 1
2
∂ρ(θαβFσαFρβ)
− m
2
2
θσβ(∂βAµ + Fβµ)Aµ − m
2
2
θαβ(∂βAσ + Fβσ)Aα
+ m2∂ρ(θαρAαAσ)− m
2
2
∂ρ(θασAα)Aρ +m
2Aσ = 0.
Following Dirac formalism for quantizing the Hamiltonian constraint systems [11], we construct the Hamiltonian
formalism of non-commutative Abelian proca filed. We first evaluate the conjugate momenta as follows
πi =
∂Lˆ
∂(∂0Ai)
= −Ei(1 + θ · B) + (θ ·E)Bi + (E ·B)θi + m
2
2
(θ ×A)iA0, (4)
π0 =
∂Lˆ
∂(∂0A0)
= 0. (5)
Equation (5) is, by definition, a primary constraint, ϕ1 ≡ π0 ≈ 0, where ≈ stands for weak equation [11, 12].
The Legendre transformation, H0 = πµ∂0Aµ − L, gives the canonical Hamiltonian density
Hˆ0 = 1
2
(E2 +B2)(1 + ~θ · ~B)− (~θ · ~E)( ~E · ~B) + m
2
2
A2
0
− m
2
2
A2i (1 +
3
2
~θ · ~B) (6)
− m
2
2
(~θ × ~A)i(∂iA0)A0 + 3m
2
4
(~θ · ~A)( ~A · ~B)− πi∂iA0,
where we have used equation (4) to describe Ei in terms of momentum πi. Now, the consistency condition of
the primary constraint [11], namely ϕ˙1 = {ϕ1, H0} = 0, results in the secondary constraint as
ϕ2 = ∂iπi +m
2A0 +
m2
2
∇ · (θ ×A)A0 + m
2
2
(θ ×A) · E ≈ 0. (7)
Now, including the primary constraint with an arbitrary function u(x) in the original Hamiltonian density (6)
gives the total Hamiltonian as
HT = H0 +
∫
u(x)ϕ1d
3x. (8)
The consistency condition for the secondary constraint (7) fixes the arbitrary function u(x) [10] and no new
secondary constraint arises. Based on Dirac classification, the two constraints ϕ1 and ϕ2 are second class
constraints because of their non vanishing Poison bracket. Defining the matrix of Poisson bracket of constraints
Cij = {ϕi(x), ϕj(y)} 6= 0, (9)
3
where the inverse matrix C−1ij exist, the Dirac bracket is introduced by [11]
{A(x, t), B(y, t)}DB = {A(x, t), B(y, t)} −
∫
{A(x, t), ϕi(z, t)}C−1ij (z, w){ϕj(w, t), B(y, t)}d3zd3w. (10)
Then, the non zero Dirac brackets are obtained
{πi(x, t), Aj(y, t)}DB = −δijδ(x− y), (11)
{A0(x, t), Aj(y, t)}DB = m−2(1 − 1
2
∇ · (θ ×A))∂j(x)δ(x − y)− 1
2
(θ ×A)jδ(x− y), (12)
{πi(x, t), A0(y, t)}DB = 1
2
[A0ǫijlθl∂j(y)− (π × θ)i(y)]δ(x − y). (13)
According to Dirac’s prescription for second class constraints, Dirac bracket of any operator with the constraints
vanishes [11]. Therefore, all second class constraints can be set strongly to zero, and this will eliminate all
unphysical degrees of freedom from the theory. Consequently, the physical Hamiltonian density in which the
unphysical quantities are absent, is given by
Hˆph ≡ ε
=
1
2
(π2 +B2) +
1
2
(B2 − π2)(~θ · ~B) + (~π · ~θ)( ~B · ~π)− m
2
2
A2
0
(14)
− m
2
2
A2i (1 +
3
2
~θ · ~B) + m
2
4
~∇ · (~θ × ~A)A2
0
+ 3
m2
4
(~θ · ~A)( ~A · ~B).
3 Energy-momentum tensor
In this section, we will study the construction of energy-momentum tensors for non-commutative Abelian
Proca field in classical level. Our starting point is the Lagrangian (1) which is obtained upon using the Seiberg-
Witten map [2]. General procedure of Noether theorem leads to a non-symmetric canonical conservative energy-
momentum tensor as [13]
T canµν = (∂νAα)
(
∂L
∂(∂µAα)
)
− δµνL. (15)
To get gauge invariant energy-momentum tensor, gauge transformation is performed on it in the following form
Tµν = T
can
µν + Λµν , (16)
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where ∂µΛµν = 0, and
Λµν = (∂αAν)
(
∂L
∂(∂µAα)
)
. (17)
Using this expression, we may obtain conservative gauge invariant energy- momentum tensor for source free
Proca field in non-commutative space as
Tµν = −FµαFνα(1 − 1
2
θγβFγβ) +
1
4
θµαFναF
2
ρβ − θµβFγνFρβFγρ − (FµαFνγ + FναFµγ)θαβFγβ
− m
2
2
(2θγµFναAαAγ − θγαFναAγAµ)− δµνL. (18)
Although the tensor is symmetric in the limit θ → 0, it is still non-symmetric in first order of θ. The components
of Tµν are given as follows
T44 =
1
2
(E2 +B2)(1 + θ · B)− (E · θ)(θ · E)− m
2
2
A2i (1 +
3m2
2
(θ · B))
+
3m2
4
(θ · A)(A ·B) + m
2
2
A2
0
− m
2
2
(θ ×A)(∂iA0)A0, (19)
Ti4 = −i([1 + θ ·B](E ×B)i + 1
2
(B2 − E2)(E × θ)i
+ m2[−A2i (E × θ)i + (E × θ)i(θ · A)−
1
2
E.(θ ×A)Ai]), (20)
T4i = −i([1 + θ ·B](E × θ)i + (E ·B)(B × θ)i − m
2
2
A0[(θ ·B)Ai − (A · B)θi]), (21)
Tij = EiEj +BiBj − δijB2 + (θ ·B)(2EiEj +BiBj) + 1
2
(E2 +B2)Biθj
− 1
2
δij(E
2 + 3B2)(θ ·B)− (θ · E)EiBj − (E.B)(θiEj + θjEi)− (E × θ)i(B × E)j
− m2[(θ ×A)iEjA0 + (θ ×A)i(A×B)j − 1
2
AiAj(θ · B)− 1
2
θiAj(A ·B)]− δijL, (22)
and the trace of energy-momentum tensor is obtained as
Tµµ = (θ ·B)(E2 −B2)− 2(θ ·E)(E · B) +m2(A20 +A2i )−
m2
2
E · (θ ×A)A0 −m2(θ ×A)i(∂iA0)A0. (23)
Clearly, the energy-momentum tensor is not traceless even if θ → 0. On the other hand, when L does not depend
on ∂αg
µν , symmetric energy-momentum tensor can be generally derived from following procedure [7, 13]
Tµν =
2√−g
δ(
√−g Lˆ)
δgµν
∣∣∣∣∣
gµν=ηµν
, (24)
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where the action is given by the coupling of the non-commutative Proca filed to a weak external gravitational
field as
Lˆ = −1
4
FµνFρσg
µρgνσ(1− 1
2
θαβFγδg
αγgβδ)− 1
2
θαβFµγFνγFρσg
αγgβδgρµgσν
+
m2
2
(AµAν − θαβAγ(∂σAν + Fσν)Aµgγαgσβ)gµν , (25)
Here g denotes the determinant of the metric which will be set to the Euclidean metric at the end. Varying the
Lagrangian (25) with respect to the metric tensor leads to the symmetric energy-momentum tensor as follows
T
sym
αβ = −FµαFνα(1−
1
2
θγβFγβ) +
1
4
(θµαFνα + θναFµα)F
2
ρβ − θµβFγνFρβFγρ
− θνβFγµFρβFγρ − (FµαFνγ + FναFµγ)θαβFγβ +m2AµAν
− m
2
2
[(θµβAν + θνβAµ)(∂βAρ + Fβρ)Aρ + θαµAα(∂νAρ + Fνρ)Aρ
+ θανAα(∂µAρ + Fµρ)Aρ + θαβAα(∂βAν + Fβν)Aµ + θαβAα(∂βAµ + Fβµ)Aν ]− δµνL, (26)
where its components are given by
T
sym
i4 = −i[((1 + θ ·B)(E ×B)i +
1
2
(B2 − E2)(E × θ)i −m2(1
4
A2
0
+A2j)(E × θ)i
+ m2(θ · A)(E ×A)i)−m2Ai(A0 + 1
2
(θ ×A) ·E − 1
2
(θ × A)i∂iA0)
+
3
4
(E × θ)iA20 +
3
2
(A2j (E × θ)i − (E ×A)i(θ · A)) +
1
2
Ai(θ ×A) ·E
− 1
2
εijkθkA
2
0∂jA0 +
1
2
(θ ×A)i(∂0Aj)Aj , (27)
T
sym
ij = EiEj +BiBj −
1
2
δijB
2 + (θ · B)(3EiEj +BiBj) + 1
2
(E2 +B2)[Biθj + θiBj ]
− 1
2
(E2 + 4B2)(θ ·B)− (E ·B)[Eiθj + θiEj ]− (θ ·E)(EiBj + EjBi)
− (E × θ)i(B × E)j − (E × θ)j(B × E)i
+ m2[AiAj(1 + 3(θ · B))− 3
4
(AiBj +BiAj)(θ · A)− 1
2
(Ai(E × θ)j +Aj(E × θ)i)A0
+
1
4
(εilkθkAj + εjlkθkAi)∂lA
2
0
− 3
4
[(θ × A)i(A×B)j + (θ ×A)j(A×B)i
+ Ei(θ ×A)j + Ej(θ ×A)i] + 3
8
[(θ ×A)i∂jA20 + (θ ×A)j∂iA20]−
3
4
(θiAj + θjAi)(A · B)]− δijL,(28)
which represents the flow of the ith component of momentum in the jth direction (stress), and
T
sym
44
=
1
2
(E2 +B2)(1 + θ · B)− (θ ·E)(E · B)
+
m2
2
(−A20 + (θ ×A)i(∂iA0)A0 −A2i (1 +
3
2
(θ · B)) + 3
2
(θ · A)(A ·B)− (θ ×A) ·EA0). (29)
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Substitution of (4) into (29) yields
T
sym
44
=
1
2
(π2 +B2) +
1
2
(B2 − π2)(θ ·B)− (π · θ)(B · π)− m
2
2
A20 +
m2
2
(θ ×A)i(∂iA0)A0
− m
2
2
[A2i (1 +
3
2
(θ ·B))] + 3m
2
4
(θ · A)(A · B). (30)
This agrees with the energy density ε (physical Hamiltonian density) which we have obtained by Dirac quanti-
zation of non-commutative Abelian Proca field in (14). Furthermore, the non zero trace of energy-momentum
tensor is given by
T symµµ = 2(θ · B)(E2 −B2)− 4(θ ·E)(E · B) + 3m2[A2i (θ · B)− (θ ·A)(A ·B) + 3(θ ×A)i(∂iA0 − Ei)]. (31)
Obviously, there is a trace anomaly in first order of θ.
Eventually, one observes that both calculated versions of the energy-momentum tensor are not traceless. In
general, traceless energy-momentum tensor reflects the dilation invariance of theory, required in conformal field
theory [14]. However, the appeared trace anomaly in non-commutative space is due to the violation of Lorentz
and dilation symmetry [5].
In particular, we are interested in the energy-momentum tensor of equation (26), which beside admitting
the physical energy density of Dirac quantization of Proca field [10], agrees with energy-momentum tensor in
commutative space [15] in θ → 0 limit. It is worth mentioning that if the Proca action could be regarded as a
matter action in non-commutative general gravity, the trace anomaly would then contribute to the cosmological
constant as in Ref. [16].
4 Conclusion
We have studied the non-commutative Abelian Proca field, which is equivalent to massive Maxwells theory,
by Dirac quantization formalism which includes second class constraints. Then, we have constructed possible
energy-momentum tensors for Abelian Proca field in classical level. We have shown that the presence of non-
commutativity parameter θ results in violation of Lorentz and dilation symmetry and therefore corresponding
energy-momentum tensors are not traceless. We have also shown that the time-time component of T symµν which
indicates the energy density agrees with the physical energy density obtained by Dirac quantization method.
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